Abstract-Power radiation and radiated coupling among different structures represent an important area for research study. The partial element equivalent circuit method (PEEC) is a powerful technique which bridges the gap between the electromagnetic and circuit theories. In this paper, we develop a new approach for PEEC to calculate the distributive power radiation and couplings. With this approach, formulations for both the radiated power and the transferred power can be evaluated. Further, the physical meanings of the power results are interpreted according to the conservation of energy law. We use electric dipoles, magnetic dipoles and patch antennas as well as coupled microstrip lines to benchmark the method. The approach can also be applied to EMC/EMI and other power dissipation computations.
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I. INTRODUCTION
T HE rising speed and numbers of electronic devices made today as well as the use of new artificial materials [1] make EMC/electromagnetic interference (EMI) issues of ever increasing importance. With the increasing density of devices and bandwidth of the signal channel, the complexity of ICs and related interconnects are becoming bottlenecks for many high performance systems. Electronic design automation software is indispensable for successful designs. However, modeling of high speed signals in a complex environment is not a trivial task. To make a tradeoff between speed and accuracy, many empirical or theoretical approximations have to be used at different stages of designs.
With the improvement of devices, computational methods and commercial softwares also have to be improved. Various approaches such as the method of moments [4] , finite element method [3] , and finite difference methods [2] are developed based on numerical methods. For example, full-wave solvers have been developed by using the augmented electric field integral equation (EFIE) [5] aiming at a better solution of the low frequency regime. These computational methods or softwares focus on characterizing ports, such as the matching conditions or insertion loss. Results are efficiency, radiation patterns and also current distributions, etc. However, these approaches blend together internal physical phenomena. Issues like radiation and coupling between different components are not transparent to users in these methods.
The partial element equivalent circuit (PEEC) method, which was proposed in the 1970s [6] - [9] , is based on the EFIE with potentials and currents as unknowns suitable for circuit models for electromagnetic problems. The approach turns the field into a circuit problem. A large category of PEEC applications are for static or quasi-static problems. Under these conditions, partial elements in PEEC are real if the retardation is approximated or ignored. This obviously is not suitable for higher frequencies. For high frequency full-wave solutions, the partial elements should include full dynamic Green's functions to represent radiation effects. Hence, we employ the full-wave PEEC method in this study for power radiation and energy transfer problems.
In [10] , [11] , an approach has been proposed to use the PEEC method to decompose the radiation part and evaluate the distributive contributions for different structures. The approach includes retardation and extracts all real power results from a phasor power representation. The radiation and power transfer are separated by using partial elements. It clearly determines the power composition of radiators. However, the representations of power transfer and radiation in [10] have some issues. Another recent study [13] which evaluates the radiated power for PCB is based on the port network parameters. The radiated power is calculated using incident port voltages and S-parameters.
In our approach, the geometrical current distributions and the electric field are found. In [14] , a new radiation calculation method was proposed using the retardation and the reorganization of the partial components. It predicts the Hertzian dipole very well. However, it is difficult to be used for general large structures. In our study, we extend the PEEC method to distributive radiation and power transfer analysis such that details like the radiation and contributions to couplings from each segment of the radiator can be singled out. The differences between this study and [10] is that we not only derive the power formulations in terms of self-and mutual terms according to the energy conservation law, but also provide a clear physical interpretation of both the radiated and transferred power results. We analyze the coupling between radiated objects as well as the coupling and radiation of different parts for the same radiator. This study can be applied to EMI optimization, noise coupling reduction, and other IC and PCB applications.
The paper is organized as follows: Section II will give a brief introduction on the old and new power radiation and transfer formulations; Section III demonstrates the radiated and transferred power based on the energy conservation law; Section IV investigates several benchmarks to verify the proposed idea. Conclusions and discussions are presented at the end of this paper.
II. THEORETICAL BACKGROUND Fig. 1 depicts a representative PEEC circuit model for cell k and cell m in the MLA form as is the case in [10] . There are controlled voltage sources on inductive-coupled branches. They are
where d km is the center-to-center distance between two inductive cells k and m. Lp km is the partial mutual inductance between cell k and m, and is a pure real value here. K here is the wave number.
For two capacitive branches k and m the controlled voltage sources are
where d km is the central distance between two capacitive cells k and m. I C m and I C k are currents through the mth and kth capacitive branch, respectively. P p km is the partial coefficient of potential between cell k and m, which is a real number in this formulation. Details of the formulation are given in [10] . We note that the midfrequency approximation of the retardation does not include the contribution of the self-terms to the radiation. We also note that the self-term corresponds to a Hertzian dipole [14] . It accurately presents the retardation.
This issue is solved here by accurately using the full wave Green's function in the integration kernel. This results in complex partial inductances and partial coefficients of potential. Let Lp km represent the complex inductance, and P p ki represent the complex coefficient of potential. The branch currents I m and I k are also complex currents in circuit m and k. Then
where again K is the wave number. Then (1) can be rewritten as
Of course, the self-terms are obtained if we set k = m in aforementioned equations to get the complex partial selfinductances and partial self-coefficients of potential.
After mathematical manipulations, the transferred and radiated power can be represented by partial elements and current distributions on meshes, which are
where
are the inductive coupled radiated and transferred power for cell m by coupling with k, respectively. P C,r m (k ) and P C,t m (k ) are the capacitive radiated and transferred power for cell m by coupling with k, respectively. And the total radiated and transferred power is the sum of both inductive and capacitive effects. Further details can be referred to [12] . Therefore
III. ENERGY CONSERVATION

A. Radiated Power Analysis 1) Two Cells:
For the case with only two PEEC loops as shown in Fig. 1 , the total power for loops k and m is From the equation, the input power can be separated into three parts:
. 2) Self-radiated power, marked as P r k (k ) and P r m (m ) to distinguish them from the power defined in (5) .
The self-radiated power has two parts: inductive selfradiation and capacitive self-radiation.
3) The radiated power due to mutual coupling also has two parts P r m (k ) and P r k (m ) , to distinguish from the power defined in (5), and they are
The radiated power due to mutual couplings also has two parts: the mutual inductive power and mutual capacitive power.
2) General Structure Case: For the case where we have two coupled arbitrary structures, each structure is discretized into small mesh cells using the PEEC scheme. We can get the current distribution on each cell by solving the lumped circuit model. In Fig. 2 , the radiated power can be simplified in a vector-matrixvector product form. For the traditional power analysis, the radiated power based on mutual coupling is not transparent from the formulation. In this study, the power for mutual couplings is obtained and its physical significance is also figured out. It shows how each part of the structure contributes to the total radiation. In (10) , P r a(b) can be positive or negative. If it is positive, it means coupled radiated power of a due to coupling with b enhances the total radiation of the structure. If it is negative, it means the coupled-radiated power of a by coupling with b decreases the total radiation of the system. This provides a unique analysis for both radiation optimization and noise reduction.
B. Analysis of Transferred Power
With the proposed radiated power definition, we can carefully derive the representation of the transferred power. Similar to the radiated power, we will have mutually transferred power as well as self-transferred power. But here we care more about the mutually transferred power since it represents how much power is transferred from one part to another.
In Fig. 3 , only cell k receives injected power P in . The power consumption on m contains ohmic power and radiated power, which are P r mm and P ohm m . According to energy conservation, energy can be neither created nor destroyed. It can only be converted from one form to another. Since m is passive, there is no source on it, all of its power comes from k. This is called the transferred power from k to m, i.e., P t m (k ) . The transferred power from k to m shall be equal to power consumption on m. 
The remaining question is the computation of P t m (k ) . The right hand side of (7) can be separated into three parts. The radiated power based on the mutual coupling can be moved to the left hand side of the equation. Hence, the equation can be rewritten as
. By comparing (12) with (11), we can safely come to the conclusion that
Below we will provide several examples to benchmark this equation. If the transferred power P t m (k ) calculated by (13) is the same to P r m (m ) + P ohm m calculated by (10), then we can say that the formulation of transferred power is correct.
C. Physical Interpretation of Power Transfer and Radiation
As shown in (3) the partial elements (partial inductances and partial coeffcients of potential) are represented by the Green's function. For low frequencies or conductors which are physically close, the Green's function can be expanded in a Taylor series. According to (3), the partial elements are complex.
The different parts of the series expansion of the partial elements make different contributions to the power transfer as well as to the radiation.
1) Inductive Branch: The inductive impedance is obtained if we multiply (14) by jω. The first term in (14) , which is capacitor. These four elements are obtained from the first four terms of the Taylor series. We assume that the maximum frequency is low enough or that the distance between the elements is small enough that such that KR 1. The equivalent circuit for the partial inductance is shown in Fig. 4 .
After certain mathematical manipulations, L L , R L and C L can be represented as follows:
in which ω is the angular frequency, K is wave number and c is the velocity of light in air. For an accurate Taylor series expansion it is required that KR 1. Considering (15), we can see that L L will increase for higher frequencies and C L will decrease. For R L , it has positive and negative parts according to (15b). Since KR 1, the first term of R L dominates. Moreover, R L is always positive, and it can be proved that R L is the only part in these three components which contributes to radiation. And the radiated power by R L is always positive.
2) Capacitive Branch: Similarly, on the capacitive branch, if (14) is divided by jω, the capacitive impedance will be obtained, as shown in Fig. 5 .
in which ω is the angular frequency, K is wave number and c is the velocity of light in air. According to requirements for Taylor expansion, KR 1. Looking back to (16), we can see that C C will become larger when frequency goes higher. The first term of L C is only proportional to r, and does not depend on frequency. The following terms of L C will increase when frequency goes higher. For R C , it has positive and negative parts according to (16 b), and the sum of these terms is negative. Since KR 1, the first term of R C dominates. Moreover, R C is always negative, and it can be proved that R C is the only part in these three components which contributes to the radiation. And the radiated power by R L is always negative.
To sum up the radiation process from both inductive and capacitive effects, only R L and R C contribute to it. This is because power on these resistors are nearly pure real. L L , L C part and C L , C C part correspond to stored magnetic power and electric power, respectively, and power for the inductors and capacitors are almost pure imaginary. This agrees with the Poynting theorem (PT), which states that the real part of power corresponds to radiation loss and ohmic loss, and imaginary part is for the stored power (magnetic power and electric power).
For the transferred power,
and C C part all have contributions. They can enhance or decrease the power transfer process due to different frequencies or positions.
IV. NUMERICAL VERIFICATION
A. Benchmark Procedure
In order to validate the proposed formulations for the radiated and transferred power, we use two coupled structures represented by a and b. Here, a is excited with a source while b has a passive load.
We will do the experiments in three steps: 1) Verify the self-radiated power. We use (10a) or (10b) to calculate radiated and ohmic power of a and b, respectively. This is compared with power results using the PT or softwares such as ADS, HFSS, etc. 2) Verify the transferred power. Also, we calculate P t b (a) by (13) , the formulation of transferred power is proven to be correct. 3) Verify the radiated power due to mutual couplings. Traditional method does not lead to the determination of the mutual-radiated power. We need to compare the total-radiated power of the system P r calculated by (10a) or (10b), with the 
B. Two Dipoles
Two lossless, zero-thickness dipoles are both 2 m long and 1 cm wide which are placed to be parallel to each other. The center to center distance between them is 1 m. The receiver is loaded with a 100-Ω resistor while the transmitter is excited by a lumped sinusoidal voltage source with the amplitude V S = 100 V. The geometry is illustrated in Fig. 6. From Fig. 7 , we can see that self-radiated power from (10) matches very well with what we get from the PT. And the radiated power results reach maximum at around 75 and 225 MHz which are the resonant frequencies of the dipoles. Fig. 8 illustrates that transferred power matches very well with power consumption on b, which means that the transferred power formulation derived from the energy conservation law is correct. And the transferred power results reach maximum at around 75 and 225 MHz which are the resonant frequencies of the dipoles. Fig. 9 illustrates that totalradiated power is equal to the sum of the self-radiated power of a and b, and mutual-radiated power between coupled parts. We observe that the mutual power formulation is correct. And the radiated power results reach maximum at around 75 and 225 MHz.
C. Two Square Loops
The second example is a pair of two identical square loops parallel to each other. The length of each loop is 1 m and the width is 0.01 m. The vertical distance between two loops is 0.1 m. Loop a has a 100-V sinusoidal voltage source in the middle of one side. Loop b is loaded with a 50-Ω resistor. The self-radiated power is checked first. From Fig. 10 , we can see that selfradiated power from (10) matches well with the result obtained with the PT. The radiated power results reach maximum at 75 and 150 MHz which are the resonant frequencies of the loops. Fig. 11 illustrates that transferred power matches very well with power consumption on b, which means that the transferred power formulation derived from the energy conservation law is correct. And the transferred power results reach a maximum at 75 and 150 MHz which are the resonant frequencies of the loops. Fig. 12 illustrates that total-radiated power is equal to the sum of the self-and mutual-radiated power between coupled parts, which means that the mutual power formulation is correct. Finally, the radiated power results reach maximum at 75 and 150 MHz. 
D. Patch Antenna
The third example is an air-filled patch antenna with its geometry depicted in Fig. 13 . The patch is 1 mm above an infinitely large ground plane. The antenna has a line feed with a length of 7.5 mm and width of 1.6 mm attached to a 100-V sinusoidal voltage source with a series resistance of 50 Ω. At a frequency of 10 GHz, S 11 reaches −25 dB. In order to verify whether this system obeys the energy conservation law, we compare the radiated power with input power from the source in Fig. 16 . Since the input power from the source is used in the patch for radiation, the two results should be equal to each other as is the case. 
E. Two Coupled Lines
In this section, we discuss the power analysis on the PCB (see Fig. 17 ). The length of two coupled lines is 5 cm, the width of the lines is 1 mm wide with a separation of 0.06 mm. The coupled lines are air filled and are 0.1 mm above an infinitely large ground plane. The excitation is again a 100-V sinusoidal voltage source.
1) Lower Frequency Case: All four termination resistors are all 50 Ω. The frequency range is from 1 to 4 GHz. Fig. 18 shows the real and imaginary part of currents flow through four resistors in the four ends of coupled lines by PEEC and by ADS, respectively. And the currents match very well for these frequencies. Fig. 19 depicts total-radiated power together with transferred power from a to b. It is shown that for this frequency range, the radiated power is very small compared with transferred power. The transferred power from a to b, P t a(b) dominates in the total power analysis. Therefore, radiation can be neglected.
2) Higher Frequency Case: For very high frequencies, the radiated power is larger and cannot be neglectable. Four resistors are all 50 Ω. Frequency ranges from 10 to 14 GHz. Fig. 20 depicts real and imaginary part of currents flow through four resistors in the four ends of coupled lines by PEEC and by ADS, separately. The currents match well at relatively high frequencies with slight differences. The difference from ADS is due to the lack of a full-wave capability in the ADS solution. Fig. 21 depicts total-radiated power together with transferred power from a to b. We can see clearly that at this frequency range, radiated power is even larger than transferred power at certain frequency points. Therefore, radiation cannot be neglected. is transferred power from a to b evaluated in (13) .
V. CONCLUSION
In this paper, a novel method for calculating and analyzing distributive radiation as well as the transfer characterization is proposed. The approach is based on the PEEC method and the energy conservation law. The approach allows the detailed characterization of the contribution of each circuit element to the transferred power and also the radiation. Examples are given for is transferred power from a to b by (13) . electric dipoles, magnetic dipoles, patch antennas and coupled microstrip lines. Further, the physical meanings of the power results are given. By properly utilizing the theory and the power distribution results, we are able to also give general guidelines. Examples are the wireless power transfer and the antenna design and optimization. In 2011, she was a Visiting Student studying and researching on quantum teleportation at Clarendon Laboratory, University of Oxford. Since 2012, she has been with the Center of Electromagnetics and Optics, University of Hong Kong. Her research interests include computational electromagnetics, EMC/EMI, and multiphysics modeling.
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